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The a r t i c l e  deals  with the p r o c e s s e s  of the excitation and deact ivat ion of rotat ion in diatomic m o l e -  
cules which const i tute  a smal l  impur i ty  in a monatomic  gas.  

In some  types  of flow in a r a r e f i ed  gas  it becomes  significant  to cons ider  the reduction in the r a t e  of 
energy  exchange between the t rans la t iona l  and rota t ional  deg rees  of f r eedom of the molecu les .  The in fo r -  
mat ion avai lable  today is  not yet  sufficient for  a s a t i s f ac to ry  solution of this p rob lem.  I t  i s  known only 
[1, 2] that  in mos t  c a se s  the c h a r a c t e r i s t i c  t ime  requ i red  for  the p r o c e s s  of es tabl i sh ing equi l ibr ium with 
r e spec t  to the ro ta t ional  degrees  of f r eedom of the molecu les  is  Of the same  o rde r  of magnitude as,  or  
somewhat  g r e a t e r  than, the t ime  requ i red  for  e s tab l i shment  of a Maxwellian distr ibution of mo lecu la r  v e -  
loci t ies  in the gas.  

1. The col l is ion of a molecule  with an a tom will be cons idered  within the f r a m e w o r k  of c l a s s i ca l  
mechanics .  Atoms,  e i ther  in molecu les  or  as  f ree  a toms ,  will be r e p r e s e n t e d  by m a s s  points.  We shall  
confine our  invest igat ion to the case  in which the r e l a t i ve -ve loc i t y  vec to r s  He in the plane which contains 
all  th ree  a toms ,  i .e . ,  confine i t  to plane p r o b l e m s .  Ini t ia l ly  the potent ial  of the fo rces  of in terac t ion  be-  
tween a toms within a molecule  was specif ied as in the Morse  anharmonic  osc i l la tor ;  however ,  calculat ions 
showed that, under  the c i r c u m s t a n c e s  we a re  consider ing,  the molecule  is  sa t i s fac to r i ly  desc r ibed  by the 
r i g i d - r o t a t o r  model .  The potent ia l  about which the l e a s t  i s  known is  that of the fo rces  of in teract ion be-  
tween molecules~ as a rough approximat ion ,  we a s s u m e  that  the cen te r s  of the repuls ion fo rces  coincide 
with the nuclei  of the a toms .  The a t t rac t ion  fo rces  were  left  out of considerat ion in the p r o b l e m  of indi-  
vidual col l is ions,  the i r  ro le  being taken approx ima te ly  into account  when we de te rmined  the r e su l t s  of 
m a n y  col l is ions by using the i n c r e a s e  in the re la t ive  veloci ty  of the col l id ing pa r t i c l e s ,  which is  d e t e r -  
mined f r o m  the depth of the potent ial  well.  

A d i ag ram rep re sen t ing  the col l is ion and i n d i c a ~ g  the notation used is  shown in Fig. 1. The H a m -  
il tonian H of the a tom-molecu l e  s y s t e m  in a fixed s y s t e m  of coordinates  can be wri t ten in the fo rm 

pr .2- Pr2 
H = p 2  + p ~  P~ + P~ + Y (R1R~) + 2m,r 2 __ ~ -~- v (r) ( 1 .1 )  2M -~- 2ma 

(m* = mi /2  ---- rn~/2, M = m l  ~- rn2) 

Here  the symbol  P r e p r e s e n t s  genera l i zed  impulses ;  x, y, ~, and V a r e  Car tes ian  coordinates .  The 
f i r s t  t e r m  of the sum is  due to the motion of the cen te r  of g rav i ty  of the molecule ,  the second t e r m  i s  due 

r•($r 
Fig.  1 

to the motion of the impinging a tom,  the th i rd  t e r m  r e p r e s e n t s  the poten-  
t ia l  ene rgy  of i n t e rmo lecu l a r  in teract ion,  the next two t e r m s  a re  due to 
the rotat ion of the molecule  about i t s  cen te r  of g rav i ty  and to the v i b r a -  
tion of the nuclei in the molecule ,  and the las t  t e r m  r e p r e s e n t s  the poten-  
t ia l  ene rgy  of in terac t ion  between these  nuclei .  In the ease  of a r igid r o -  
t a to r  the l as t  two t e r m s  a r e  constant ,  and r = r e  (where re  is  the equi l ib-  
r i um dis tance between the nuclei within the molecule) .  By hypothesis ,  

V (R1R2) =-- Vo exp (--r -4- Vo exp (--o5R2) (1.2) 
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The Hamiltonian was solved numer i ca l ly  for  p a r a m e t e r s  cor responding  to 
a coll ision between A and 02. Exper imen t s  on the e las t ic  sca t t e r ing  of mo lecu l a r  
beams [3] yielded ave rage  values  of the in terac t ion  potential  for  this pa i r ,  where  
the ave r age  was taken over  all  poss ib le  or ienta t ions  of the molecule .  The p a -  
r a m e t e r s  V 0 and a in fo rmula  (2) were  ca lcula ted  on the bas is  of this potential ,  
us ing the p rocedure  p roposed  in [4]. The r e su l t s  found were  that  V0=32,250 eV 
and ~=4 .12  ~-1. 

The calculation of each t r a j e c t o r y  began at dis tance ~ - x = S r e  . In our c a l -  
culat ions we va r i ed  the values  of: r the angle of or ientat ion of the m o l e c u l a r  
axis  with r e s p e c t  to the r e l a t ive -ve loc i ty  vec tor ;  b = lY-~l ,  the t a rge t  distance; 
the ini t ial  ve loci ty  of the impinging a tom (i.e., the energy  of r e l a t ive  motion, et);  
and P~b, the ini t ial  rotat ional  angular  momen tum of the molecule .  In each var ian t  
of the coll ision the i nc remen t  of the rotat ional  energy  of the molecule ,  AG (G ---- 
Pr was kept fixed. 

The quantit ies e t and a r will be e x p r e s s e d  in e l ec t ron -vo l t s  (eV), the t a r -  
ge t -d i s tance  p a r a m e t e r  b in units equal to r e (r e = 1.207 A), and p, the rotat ional  
m om en t um  of the O 2 molecule ,  in units equal to h/2~ (p=2vh- lP r  where  h is  
I~lanek's  constant).  

F igures  2-4 show some of the calculat ion resu l t s ,  ave r aged  over  the v a r i -  
ous ini t ial  or ientat ions:  

As r d ,  ( 1 . 3 )  

0 

Figure  2 gives examples  showing how Ae r v a r i e s  as a function of the t a r -  
ge t -d i s tance  p a r a m e t e r  b for  combinat ions 1-4 of p and ~t  values;  the specif ic  
va lues  of p and e t  were  those shown in pa ren theses  below: 

1 ( p - -  0, e t - -D.8 i84  ), 2 (p  = D ,  e t = 0.i02), 
3 ([p I -- 21, et -- 0.8i84), 4 (IP I = 2i, st -- 0.t02) 

I t  can be seen that  in ca se s  with no init ial  rotat ion (p=0),  the rotat ion is  mos t  ef fec t ively  exci ted 
when b ~  1. 

The va r ia t ion  of Ae r as  a function of e t ,  the ene rgy  of the impinging a toms ,  i s  shown in Fig. 3. He re  
cu rves  1 , . . . ,  6 co r respond  to the following combinat ions of p and b values:  

/ (p - -o ,  b=O), 2(p=O, b=i.2),  a(p=O, b=2.0) 
d(Ipl=21, b:O), 5(lp]-~2t, b : t . 2 ) , 6 ( l p l = 2 1 ,  b=2.0) 

For  p = 0  the function A~r (~  t) i s  a lmos t  l inear .  In this case ,  which is  the s imp le s t  of all,  the nu-  
m e r i c a l  solution desc r ibed  h e r e  ag rees  qual i tat ively with the r e su l t s  obtained by P a r k e r  [5], who used  an 
analyt ical  method.  Impl ic i t  in [5] was the assumpt ion that  the configurat ion of the coll iding pa r t i c l e s  at 
the ins tant  of t he i r  n e a r e s t  approach  is  independent of the ini t ial  or ientat ion of the molecu les .  

This  assumpt ion  makes  it  poss ib le  to obtain an analyt ical  ave rage  over  the values  of the p a r a m e t e r  
r in an express ion  of the type (3). The calculat ion r e su l t s  show that  this  assumpt ion  is  acceptable  when 
p= 0. When p r 0, the p ic tu re  becomes m o r e  complicated,  so that  extending P a r k e r ' s  method to cases  of 
this type would yield i n c o r r e c t  resu l t s .  In Fig. 4 we show, as an example ,  the var ia t ion  of A~ r as a func- 
tion of [Pl when b=0  and a t=0 .102 .  

I t  can be seen that  for  some  value of p the rotat ional  energy  r ema ins  constant  ( A e r = 0 ) .  This  hap-  
pens when e r  ~ is  approx ima te ly  one-f if th of the ene rgy  of re la t ive  motion of the colliding pa r t i c l e s .  This  
r e su l t  i s  conf i rmed  by all  the calculat ions c a r r i e d  out for  0.1 <- ~t<- 1.64 and 0 <-p-< 61. 

Fo r  higher ini t ial  va lues  of rotat ional  energy  we obse rve  a deactivation of the rota t ional  levels ,  with 
a convers ion  of p a r t  of the ini t ial  rotat ional  energy  of the molecule  to t rans la t iona l  energy.  F o r  the case  
p ~ 0, applying P a r k e r ' s  method does not give us the deact ivat ion effect .  
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TABLE 1 

T,  ~  t)0 -- 0 5 l i  2i 3t 4 i  61 

--0. t8 300 
500 

t000 
t500 
2000 
3000 
4000 
6000 
8000 

10000 
12000 

0.38 
0.74 
t .80 
3.05 
4.44 
7.50 

t0.90 
t8.40 
26.80 
35.60 
44.20 

t.44 
2.56 
3.82 
6.63 
9.75 

t6.60 
24.40 
32.40 
40.40 

t. 26 
2.14 
4.t6 
6.44 

tt.50 
t7.30 
23.30 
29.30 

--0.55 
--0.37 
--0.02 

0.86 
t.96 
4.57 
7.63 

t0.90 
t4.10 

--o. 32 

--1.27 
--1.25 
--0 .95 
--0.33 

0 
3.46 
5.8t 
8.22 

--t .43 
-2.  t6 
-2.44 
-2.60 
--2.35 
- - t .  36 

0.24 
2.i2 
4.t8 

--2. t6 
-3.64 
-5.20 
--6.18 
--7.04 
--6.94 
-6.  t8 
--5.08 

2. The above resul ts ,  obtained for  the solution of the dynamic problem of  coll isions,  may  be used, 
in principle,  when we consider  the kinetics of the ro ta t ional -energy  distribution function for a rigid ro ta -  
to r  and find the appropriate  relaxation equation. The solution of such a kinetic problem is ve ry  compl i -  
cated and laborious and was not included among the purposes  of ibis study. In the present  ar t ic le  we de- 
scr ibe  es t imates  for  the veloci ty of rotat ional  relaxation and consider  qualitatively how it var ies  as a func- 
tion of such physical  factors  as the direction of the process ,  the initial energy state of the rotational and 
translat ional  motions,  and the at traction forces  acting at long distances.  

In the general  case the rota t ional-re laxat ion t ime is comparable  to the t ime required for the es tab-  
l ishment of equilibrium with respec t  to the translat ional  degrees  of f reedom [2, 5], and therefore  these 
p rocesses  should be considered jointly,which simplifies the problem to a substantial extent. However, if  
we assume that the diatomic 0 2 molecules  constitute only a small  impur i ty  in the basic monatomic c o m -  
ponent A, whose t ranslat ional  degrees of f reedom have an equilibrium Maxwell distribution ( thermostat ic  
condition), then the relaxation of the rotational energy of the r igid ro ta tor  can be considered separately.  
This is the case we will consider  in the r e s t  of this ar t ic le .  

In order  to es t imate  the rotat ional-relaxat ion t ime in the O2-A mixture,  we shall c a r r y  out a s ta t ic-  
averaging p roces s  on the resul t  of the solution of the dynamic problem of collisions involving the variat ion 
of AS r with b, st ,  and p. We assume that the distribution function with respec t  to the rotational degrees  
of f reedom is Maxwellian. In that case the frequency of coll isions (sec -1) of O 2 molecules  with A atoms 
for relative velocit ies lying between v and v+ dv (cm/sec) ,  target  distances lying between b and b+ db (cm), 
and azimuth angles lying between X and X+ d~ will be 

/ ~ 1 ~ 2  ~t = m~ + m2 k = 1.38.10 -16 erg 
o K 

Here # is  the reduced mass ,  k is the Boltzmann constant, T is  the t empera tu re  (~ and n {A} is the 
density of A atoms (cm-3). For  the average change per  unit t ime in the rotational energy of molecules  
with a given initial value P0, in a calculation involving one molecule for one collision, we have 

dt - -  \ -,~, z ~ ,, ,) As, [b, et (v), Po] exp ~vSbdbdvd% (2.2) 
0 O 0 

When we integrated in (2.2), we used for  As  r (b, st ,  Po) an analytic approximation to the resul ts  of 
the solution of all var iants  of the dynamic problem. Since we d is regarded the variat ion of A S r  as a func-  
tion of X, the calculation of the integral  with respec t  to X is  tr ivial .  The integral  with respec t  to b was ob- 
tained analytically, and the integral  with r e spec t  to s t (i.e., with respec t  to v) was obtained numerical ly .  
The values of dEr /d t  (1012 eV- ema/sec) for  var ious  thermos ta t  t empera tu res  and for an initial rotational 
momentum Po ar8 shown in Table 1. I t  should be noted that in (2.2) the distribution function of the mole -  
cules with respec t  to p is ~monochromat ie ,~f  (p)=8 (P-Po), i .e . ,  the rotat ional  t empera ture  is T r =  0. 

We may  mention in pass ing that when we have the relation po 2 =0.22 T there  is no exchange of en- 
e rgy  at all between rotational and translat ional  degrees  of f reedom. In this case,  relaxation begins with a 
redistr ibut ion of rotational energy  with respec t  to direction, until a Boltzmann equilibrium distribution is  
established. 
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An approximation of the calculation resul ts  for P0 =0 (the f i r s t  colunm 
of dEr /d t  values in Table 1) yields 

dEr(T) I ( e V )  
dt Tr=0 = 3 .6 .  i 0  -28 n { A } T 1.a ~ ( 2 . 3 )  

The effect of long-distance at traction forces  can be taken into cons ider -  
ation by increas ing the relative velocity of the colliding par t ic les .  This should 
increase  the dEr /d t  values obtained here.  An analytic solution of the problem 
for p0 = 0, ca r r i ed  out for the A-O2 system,  like P a r k e r ' s  method [5], yields a 
correc t ion  for at traction forces  in the form of a factor  g by which the right 

i side of (2.3) should be multiplied: 

~ a  z I T* kV~ 1:~2 \ T* 
(2.4) g = I§  §  

�9 ~ Here T* is the depth of the potential well; for an A-O~ system, T* = 7 10 lg z 
101~ The value of the fac tor  for high t empera tu res  is close to unity; for ex-  

Fig. 5 ample, when T = 10,000"K, we have g= 1.337. As the t empera tu re  is  reduced, 
the value of g inc reases  markedly.  Thus, g= i .91 for  2,000~ and g=4.5 for 
T = 300~ 

The resul t  (2.3). enables us to es t imate  T (the rotat ional-relaxat ion t ime for O 2 presen t  as a small  
impuri ty  in A under thermosta t ic  conditions) at high tempera tures .  We can determine T by using the 
equation 

T ---- Er ~ (T) / (dEr / dt)Tr=o. (2.5) 

where E~ (T)=kT is the equilibrium rotational energy per  molecule,  and the derivative is the rate  of in-  
c r ea se  of this energy  for  an initially nonrotating molecule.  If  the rotational energy sat isf ies  a relaxation 
equation of the fo rm 

dEr /d t  ----- [Er ~ (T) - - E r  (t)]~ -1 (2.6) 

then T has the usual meaning. F r o m  (2.3), (2.5), and the equation of state of the gas under thermosta t ic  
conditions, we find 

�9 p = 4.25.i0 -n  T a'7 (2.7) 

where p is the pressure (aim) and T is measured in seconds. 

The quantity z =T/T0, where T O is the average time between collisions, gives us an estimate of the 
number of collisions leading to the establishment of equilibrium with respect to the rotational degrees of 
freedom. For a Maxwellian distribution of velocities in the case of A-O 2 collisions [6] we have 

% = 9.25.10-5TV~/n { A}o ~ (2.8) 

where ~ is the gas-kinet ic  d iameter  of the collision (cm). The variat ion of the square of this quantity as a 
function of tempera ture ,  according to measurements  made in experiments  on the scat ter ing of a molecular  
beam [3] for  t empera tu res  of 2,000~ < T -  < 10,000~ admits of an approximation of the fo rm 

~ (T) = 3.76.10-15T -~ (cm 2) (2.9) 

Comparing (2.7)-(2.9), we find that z is prac t ica l ly  independent of T and has a value of about 14. 

The express ion (2.4) shows that even when we take at traction forces  into consideration,  our conclu-  
sion remains  t rue  at least  for  high tempera tures .  The est imate we have obtained for the rotational re lax-  
ation t ime agrees  with the resu l t s  of [5]. 

If  the initial rotational energy cannot be considered small  (T~ {~=0 ~ 0) ,  our calculations yield a sub-  
stantially different result .  To make the following es t imates  eas ier  to visualize,  we shall make one more  
assumption. Suppose that in the process  of rotational relaxation there  exists a Boltzmann distribution with 
respect  to rotational l e v e l s , f  (Er) ~ exp{-Er /kTr} ,  with a rotational t empera ture  Tr  different f rom the 
the rmos ta t  t empera ture  T. The possibil i ty of real iz ing such a p rocess  was shown in [7] for  the case in 
which the average  energy added by one collision to the rotation of the molecule is small  in comparison with 
the kinetic energy of re lat ive motion. 
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This will be t rue  when a heavy r ig id  ro t a to r  coll ides with light a toms  (for example ,  in Br2-He co l -  
l isions).  In the case  we have cons idered  in this a r t ic le ,  A and O 2 have comparab l e  m a s s e s ,  so that  this  
assumpt ion  is  not s t r i c t ly  t rue .  However ,  numer ica l  ca lcu la t ions  show (Fig. 3 and Fig.  45 that  for  0.4 < 
e t  < 1.6 (which co r r e sponds  to 2,500~ < T < 15,000~ the Ae  r value ave r aged  with r e s p e c t  to ~b is  l e s s  by a 
fac tor  of 3-5 than e t ,  the energy  of re la t ive  motion.  This  gives  reason  to hope that  the assumpt ion  of a 
Bol tzmann dis tr ibut ion for  the rotat ional  ene rgy  of the O~. molecule  will yield a s a t i s f ac to ry  quali tat ive de-  
scr ip t ion of the p r o c e s s  of rotat ional  re laxat ion.  

We in tegra te  dEr / d t  in the express ion  (2.25 with r e spec t  to P0, with a Bol tzmann weighting factor ,  by 
numer i ca l  methods ,  using values  f r o m  Table  1: 

dEr(T'Tr) ~ ~Trr -l i dEr --er { mp,(sr>1 oxp (2.10) 
dt 

o o 

By approximat ing  the in tegra t ion in (2.10), we obtain 

dEr(T,T r) dEr(T,O) [ (_~L) ~ 
dt dt I - -  (2.11) 

where  the f i r s t  f ac tor  i s  given by the express ion  (2.3). Fo r  T r  = 0 the value of d E r / d t  i s  found to be the 
same  as before.  In the equi l ibr ium condition T r = T ,  and na tura l ly  we a lso  have dEr  (T, T r ) / d t = 0 .  In the 
genera l  case  the r a t e  of exci tat ion or  deact ivat ion depends both on the t e m p e r a t u r e  of the t rans la t iona l  
degrees  of f r e e dom  and on the rotat ional  t e m p e r a t u r e .  

3. As an example  of the applicat ion of fo rmula  (2.11), we cons ider  the distr ibution of the ro ta t ional  
t e m p e r a t u r e  of O 2 molecu les  along the axis  of a jet  emerg ing  into a vacuum. At a suff icient ly long d i s -  
tance f r o m  the source ,  i .e . ,  at  a point where  the density of the gas  becomes  smal l ,  we can obse rve  a devi-  
ation of the rota t ional  t e m p e r a t u r e  f rom the t e m p e r a t u r e  of the t rans la t iona l  degrees  of f reedom.  A lit t le 
fur ther  downst ream,  the re  is  complete  f reez ing  f i r s t  of the rotat ional  t e m p e r a t u r e  and then of the t r a n s -  
lat ional t e m p e r a t u r e  as well [8]. The discuss ion of this p rob lem in [9] made use of a re laxa t ion  equation 
of the fo rm (2.65. 

Suppose that  the jet  e m e r g e s  f rom a r e s e r v o i r  through an or i f ice  of d i ame te r  d. The main  compo-  
nent of the je t  i s  argon, which de t e rmines  i t s  gas -dynamic  and the rmodynamic  p r o p e r t i e s ,  in pa r t i cu l a r  
the adiabatic  exponent ~/=5/3. Let the dis tance x be m e a s u r e d  f rom the c r i t i ca l  c r o s s  sect ion,  which is  s i t -  
uated at the orif ice;  then for  the distr ibution of the number  M along the axis of the je t  we can take an ap-  
p rox ima te  function s i m i l a r  to the one p roposed  by M. Ladyzhenskii :  

M = 3.64 (x/d)V, + i (3.1) 

For  a value of Tr  cha rac t e r i z ing  a smal l  admixture  of molecu la r  oxygen, Eq. (2.11) can be reduced 
to the fo rm 

i( d--"~ = KoM (l ~- 1/3M~)~ i -~- ~ -  M ~) --  k--T-To ] ] (3.25 

Here  T O i s  the stagnation t e m p e r a t u r e  and K 0 is  the Knudsen number ,  which is  de te rmined  f rom the 
f ree  path length of the molecu les  in the r e s e r v o i r  and the d i ame te r  d of the or i f ice .  If  we a s s u m e  that T r  
and T a re  in equi l ibr ium eve rywhere  inside the r e s e r v o i r  up to the c r i t i ca l  c r o s s  section,  we obtain the 
initial condition 

(Tr /  To) Ix=0 = 3/4 (3.3) 

The r e su l t s  of numer ica l  calcula t ions  using Eq. (3.2), where  IV[ i s  given by Eq. (3.1) with the ini t ial  
condition (3.3) for va r ious  values  of the p a r a m e t e r  K0, a re  shown by solid cu rves  in Fig. 5a. The dashed 
curve  shows the distr ibution of the t r ans la t iona l  t e m p e r a t u r e .  I t  can be seen that the var ia t ion  of the r o -  
ta t ional  t e m p e r a t u r e  along the axis  of the jet  has  a nonequi l ibr ium cha rac t e r .  As the jet  moves  away f rom 
the source ,  the t e m p e r a t u r e  deviates  m o r e  and m o r e  f rom the equi l ibr ium value,  and at  a sufficiently d i s -  
tant  point i t  f r eezes .  The degree  of nonequi l ibr ium and the level  of the f rozen rotat ional  t e m p e r a t u r e  in -  
c r e a s e  as  K 0 i n c r e a s e s .  

S imi la r  calcula t ions  were  c a r r i e d  out for  the case  in which the co r rec t ion  for  long-dis tance  a t t r a c -  
tion fo rces  between the molecu les  was taken into considerat ion.  The r ight  side of Eq. (3.2) was mul t ip l ied 
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by the factor  g (formula (2.4)). This factor  introduces a variat ion with the absolute t empera tu re  value. 
Figure 5b shows the resu l t s  of calculations using K 0 = 10 -3. Curve 1, calculated without taking the a t t r a c -  
tion fo rces  into considerat ion,  is  independent of To; curve  2 was calculated with the at t ract ion forces  taken 
into considerat ion for To= 10,000~ and curve 3 for T o =300~ It  can be c l ea r ly  seen that in the high- 
t empera tu re  case  the a t t rac t ion forces  have little effect  on the final resul t .  On the other  hand, for  T O = 
300~ the effect  of the at t ract ion forces  is that the T r curve  is p rac t ica l ly  identical  with the T curve up to 
x/d = i00. 

Marrone [i0] found experimentally that for K 0,~ 10 -3 and T0=300~ in a jet of pure nitrogen, freezing 
of T r takes place when x/d ~ 20. Curve 3 cannot be expected to be in good quantitative agreement with real 
flow, since the attraction forces were only qualitatively taken into consideration. It should be pointed out 
that in Marrone's experiments [10] for identical values of x/d the temperature was higher, because of dif- 
ferences in the adiabatic exponent, than in the calculations, and therefore the effect of the attraction forces 
is less pronounced. 
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